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Stress transmission through textured granular packings
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We propose a theoretical approach aimed to describe the stress transmission through granular pilings.
According to our framework, the stress transmission obeys a diffusive process in random isotropic packings,
while it follows a local convection-diffusion equation in textured packings characterized by an anisotropic
distribution of the contact orientations. In the latter case, the direction of the convection depends on the angular
distribution function of the contact orientations. Our theoretical approach agrees with both experimental and
numerical recent evidences, and moreover, succeeds in capturing the role of the pile preparing history.
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[. INTRODUCTION evidenceg$5,7]. BCC's model raises, moreover, a number of
serious questions. For instance, hyperbolic equatiogiat-
Recently, an unexpected feature issued from the engineeirg x and z spatial variables inhibit the propagation of
ing literature was pointed out by some authors, who raisegound, or at least confine it anisotropically to a very narrow
doubts about the capability of the classical elastoplastic con€gion[8], even in the case dbotropic materials, which is
tinuum modeling of soil mechanics to describe the mechanimost unphysical and is in contradiction with all common
cal properties of grain collections. It concerned the localexperience9—-11]. Next, the predictions of hyperbolic mod-
minimum of pressure that has been sometimes noticed at tiels are so far from those of civil engineering, that buildings
vertical of the apex of conical grain piles, in place of the or dams based on current elastoplastic modelings would nec-
intuitively expected maximunil]. In order to account for essarily collapse if the upholders of hyperbolic models were
this “dip” of pressure, Edwards and Oakeshf#] first pro-  right. For illustration, consider the settling under buildings.
posed that some “arching effects” were able to deflect theComputations are commonly performed in civil engineering
weight transmission throughout the material towards thevithin the frame of the classical elastoplastic theory in order
outer edges of the conical heaps. Then Bouchaud, Cates, at#lprevent the risk of soil plastic yielding. According to the
Claudin (BCC) [3] proposed a new, nonstandard frameworkstandard soil mechanics viewpoint, the stress is maximal
by hypothesizing anad hoc “constitutive” relation right below the building, contrary to the hyperbolic model
o/ o72=K=const between the two diagonal componentsthat predicts that the stress maximum loci are laterally
of the stress tensdin two dimensions Although this rela-  shifted from the vertical of the building location; stress field
tion closely looks like the classical criterionr;/o,=(1 and yield locus predictions are thus drastically unsimilar. At
+sin¢)/(1—sin¢) (wheres; ando, correspond to the prin- last, note that a BCC-type relation,,/oz;=K, is also
cipal stresses defining the plastic threshold for Mohr- borne out by perfect fluidgwith K=1), and following
Coulomb materialgof angle of friction¢), BCC'’s constitu- BCC's reasoning, it should be hence inferred that the stress
tive relation is aimed to describe the material behabiglow ~ field also obeys a set of hyperbolic partial differential equa-
plastic failure in a state classically considered as elastic ifions in that case, which is obviously inexact.
mechanics or soil engineering textbooks. Injecting BCC'’s
relation in the force balance equation leads straightforwardly
to a set of hyperbolic partial differential equations for the
stress field. Since the two characteristics are inclined at In order to account for the stress transmission in grain
+arctanK'?) with respect to the vertical axis, force propa- packings, and particularly its dependence upon the preparing
gation paths are deflected towards the outer edges, and thyspcess, we propose here a new framework by stressing the
this formalism succeeds in predicting a stress dip. role of the pile structural properties. After having introduced
Nevertheless, it is worth emphasizing that the occurrencanisotropy in the probability distribution function of the con-
of a stress dip is not a general feature. It is a very particulatact orientations, we establish the stress transmission equa-
phenomenon occurring after some very peculiar preparatiotion or the basis of a stochastic approach, relating the stress
processes, as clearly reported in the engineering literpdyire field to the internal texture. Our theoretical frame constitutes
and reassessed in recent experimental wbks]. Further-  a generalization suited for anisotropic random packings of
more, note that BCC’s model addresses the case of isotroptbe “q model” of Coppersmithet al. [12], and succeeds in
materials, and deflection of forces appears amtiimsic and  capturing the role of construction history. In particular, we
fundamentaleffect of the granular state within this frame, show why a stress dip may possibly appéarnot appeas
disregarding any textural propertigiz., isotropy or anisot- depending on the preparing process.
ropy) of piles. Thus, the genericity of the stress dip predicted Recently, several noticeable pieces of evidence were ob-
by such “hyperbolic” models, independently of textural fea- tained from both numerical and experimental studies. In par-
tures or constructing history of piles, opposes experimentaicular, mechanical and structural properties of piles prepared
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PUNCH packing(over the short geometrical correlation lengthhis
absence of long-range correlation implies a random series of
coefficients q along the force transmission tre@oarse
grained over a few grain sizesand consequently a purely
GRANULAR diffusive large-scale behavior for the force. It can therefore
LAYER be concluded that the diffusive behavior is certainly relevant
to disordered packings. Nevertheless, we expect that this
simple result fails to describe the case of textured disordered
piles, characterized by some privileged directions for the av-
erage contact orientations. The reason is that biased and
long-range correlated series along the force transmission
tree are likely in the latter case. In the following, we will
propose a route to access the mechanical response based
upon the knowledge of structural correlations, and we will

FIG. 1. In the case of a horizontal homogeneous layer prepare@l€tail how the previous purely diffusive behavior is modi-
by uniform pouring from an extended source; the fabric tensor idied. For the sake of simplicity, we will adopt a scalar model
isotropic and the response to an extra load located on the free suior the force transmission and we shall use, moreover, a
face follows a simple diffusion process. The strained redgiepre- ~ mean-field approach in which we only consider force corre-
sented in grayis bounded by a parabola. lations proceeding from thstructural anisotropy

During the pile growth, bulk anisotropy may be system-

according to two well-defined different ways were investi- tically induced by the construction process it$e]. For
gated. For conical piles grown from a central point source, &"ain collections, the dependence of the equilibrium state on
stress dip was evidenced, associated with an average anisgt€ Preparation method was probably first realized by Dar-
ropy in the contact orientatiorfid3,14. In contrast, in the Win more than a century ad@4]. This memory effect im-
case of a layer prepared by uniform pouring from an exprm'te'd into thg bulk |s'ofter_1 quallflgd as “materlgl fabrlc_”
tended source, a bell-shaped distribution of pressure wd8 civil or chemical engineering. Various engineering studies
measured on ground as a response to an external point ovélave focused on this aspd@3], and several alternative de-
load imposed at the free surfaf#s]. Moreover, in a very ;cnpuons were devised in ordgr to charactgrlze the bulk an-
recent experimental report based on photoelastic visualizdSOtropy. Since Satak¢25] it is usual to introduce the
tions, the strained region was shown to be bounded by gecond-rank "‘fabrlc” tensor in the following manner. For a
parabola(see Fig. 1 as a response to a point lofth]. This rar_1dom packing ofpossibly unequalspheres, consider the
last result upholds a diffusive proce@juation of parabolic Unit vectorn normal to the contact planes between two ad-
type) for the stress response, in opposition to both the clagl@cent spheres. The fabric tengois defined from the aver-
sical elastic theoryelliptic equations [17] and the hyper- 29ing of the dyadim@n over all contacts achieved in the
bolic proposal of BCG3]. Besides the remarkable predictive Bulk, F=(1/number of contact®)conac®n. Such a defini-
power concerning the contact-force distribution in randomftion of a tensorial quantity is of interest in order to deal with
packings[12], the q model also perfectly accounts for the frame-invariant properties, and in the perspective of linear-
diffusive nature of the stress equatifit8]. We can provide i2ed theorieg26]. Another characterization of the fabric an-
some theoretical arguments to justify that, fundamentally, théSOtropy can be defined from the distributig{¢) of the
diffusive behavior issued from the model is actually ge- ~Ccontact orientations, defined from the probabiliy)d6 of
neric in the case of randortisotropio packings, provided @ particle to have a contact vectorpointing between the
that there are no long-range structural correlations in graiflirections ¢ and ¢+d6. The normalization factorz
positions. Our assumption relies on the following remarks.=/§"P(6)d6 proceeds then from the average coordination
First, it is important to point out that, in the case of isostatichumberz. Therefore, the probabilitp(#) expands in a Fou-
packings, the force transmission factpcan be unambigu- rier series as
ously deduced from elementary local geometrical con-
straints; on the other hand, for the hyperstatic case, the ran-, ,, _ % -~ _
dom variableq represents the indeterminacy in the set ofrb( 6)= E[1+Ac052(6 0a) +BCOSA 0= ) -] (1)
friction forces applied onto each grains. Provided that the
balances of horizontal forces and torques are both respected, Actually, as pointed out by Radjai and Ro(%4], the
it makes sense to use a stochastic description to access tti@jor principal direction of the fabric tensdt precisely
stress field for all the set of possible pile configuratipht®—  identifies with the directio,, and the coefficiend is equal
21]. Second, another important experimental feature is théo 2(F,—F,) (whereF, andF, are, respectively, the major
evidencedtreelike structure for the stress transmission pat-and minor eigenvalues &f). Both experimental and numeri-
terns through the packing. This result was also evidencedal investigations recently accessed such probability distribu-
from photoelasticity experiments performed on amorphousion functionsp(6) [13—15. For piles prepared by uniform
packings[22]. Hence, random packings are characterized byandom deposition of grains the fabric tensor is isotropic
both the treelike hierarchical structure of the intergrain con{F,=F,=3%). More precisely, the contour of the histogram
tact forces, and the absence of geometrical correlation in thp(#), expressed in polar coordinatep, §) displays four
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T i Within the discrete framework of thg model (which
deals with on-lattice grainsthe force exerted by the adja-
cent upper graingbelonging to the layep onto a particle in
contact beneatkbelonging to the layej+ 1) reads(in two
dimension$

v fz(i,j+1)=2 Agir -G, j+Fz('0), (2
I/

FIG. 2. A conical pile prepared by pouring from a central point
source displays an anisotropic distribution for the contact orientawherei (j) labels the horizontal positiofthe depth. In Eq. 2,
tions. In this figure we represent the two symmetrical histograms oforce transmission faCtorQ{(i’,j)—»(i,j+1)} are independent
the probabilityp(8) of the contact orientations, which keep the random variables.
memory of the construction process, and results from the past sur- Now consider two grains in contact, with a contact vector
face avalanches. n oriented at angle with respect to the vertical axigri-

) ) ) ented downwards In the spirit of theq model, we just re-
lobes but as we will show further, this fourth order anisot-qire the vertical projections @both repulsive and frictional
ropy does not play any role in the linear mechanical responsgayis of the forces exerted onto each grain to be balanced.
and the medium behaves as isotropic regarding stress tranfpe occurrence of such contacts is weighted by the probabil-
mission. On the other hand, an important textural effect WaSy p(g) and the verticalhorizonta) projection of the dis-
recognized after the construction of conical piles by pouringgce| joining the center of masses ligosé (I sin §). After

from a point sourc¢13]. In the latter casep(¢) displays @ ayeraging on all possible pile configurations, the force trans-
two-lobed contour(see Fig. 2 and we can approximate mission rule(2) reads

p(6) by the first two terms of its Fourrier expansipig.

(1]. The directiond, corresponding to the maximum of the a2
distribution p(#) appears to be oriented at 45° with respect]-‘z(x,z)=f dop(0)q(x—1Isinh,z—1 cosbd—x,z)
to the free surface. Such fabric anisotropy can be explained 12

by considering the following simple argument. The growth
of the conical pile resulted from the flow of surface ava-
lanches, whose matter was supplied from the point source. . :
The intermittent surface flowéof typically 10 or 20 grain- and the force balance equation obviously leads to the sum
size thicknessled to an internal stratification, which has, for rule
instance, been recently visualized by means of colored par-

ticles [27-29. Those successive surface avalanches corre- fﬂlzde p(0)q(x,z—x+1sin6,z+1 cosd)=1. (4)
sponded to shallow shearing flows, and therefore the stress s ’ ’ '
principal axes were oriented at 45° with respect to the free

surface. Then we can understand why contacts were prefer- according to the originatj model, we assume the dis-
ably created during the pile construction along the orientayipytion to be constant over the intervid,1] and indepen-
tion associated with the maximum of compression. Since th@ent of . We deduce then from E@5) that the mean value
free surface slope of the growing pile is equal to the angle of'js equal to 27 (the final result should be qualitatively un-
friction ¢ of the medium, we easily recover that the prefer-tfacted by considering a nonconstant distributiondjpr
ential direction for contact orientations is oriented pat After having expanded the last right-hand factor of E3y.

=45°— ¢ with respect to thévertica) symmetry axis of the a5 a Taylor series according to the small paramieter
cone. Typical values of are 18° for glass sphergsallotini,

¢=27°) and 8° for sandFontainebleau sandj=37°).

— T

X Fz(x—1sind,z—| cosh) 3

F7(x—1sind,z—1 cosh)

12 P F;

lll. GENERALIZATION OF THE MODEL OF OF _
q :}‘z(x,z)—lsmeﬁ—xz—lcosea—zerEstg

TO ANISOTROPIC MATERIAL Ix?
In order to establish the mechanical behavior of textured |2 PF, 1% PF,
pilings, we study the response to a localized vertical extra JrECOS2 0—7 T 5sin20——, ()

force Fz(x=0y=0)=F;5(0,0) oriented downwardgnote
that the point(0,0) is not necessarily located on the free
surface of the pile The response to this point force probes
the Green'’s function for the stress equatigmovided that
the partial differential equation describing the stress fielc?! A
throughout the discrete medium is linga®f course, a typi- = 1+ §C°S s
cal contact force induced by an external loading consists

its integration following the variabl® yields the equation

dF7
Jz

2 2
both of a compressive and a frictional component. We just al - dFz | A 9°Fz
= —_— — _— 4 — JR— .
note 77(x,y) the sum of these two parts. 377Asm 262 ax 4 1 208 Xa ax? ©®
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surface, which is a necessary condition to ensure the heap
stability. Therefore, provided that the blurring effect owing
to the diffusion is small compared to the deflection angle, the
mechanism that we point out is relevant to create a pressure
dip.

IV. CONCLUSION

FIG. 3. In the case of conical piles prepared by pouring from a . . .
central point source, the anisotropy of the internal texture tends to As a conclusion, the present work points to the link be-

deflect the weight transmission towards the outer edges, and caty€€n internal texture and stress field in granular pilings and
lead to a central “pressure dip” on ground. The gray areas repreSh€ds lights on the role of the construction process. The ori-
sent the strained regions as responses to the two symmetrical ex@ Of the pressure dip, which sometimes appears on ground
point loads. Taking into account structural properties brings a founat the vertical of the apex of conical piles is explained. By

dation to the deflection effect first suggested by the authors of Rethe means of simple approximatiofferces are considered
[2]. scalar and the Fourier expansion of the probability distribu-

tion of the contact orientations is limited to the second or-
We recoanize here a convection-diffusion equation. In th dern, our description provides foundations and provides a
. recogniz vect st quation. esimple ansatz to carry out a mathematical treatment of the
|s_0trop|c_cas_eA=0) the abov_e equation reduces itself to ageflection of force paths first suggested by Edwards and
s!mplr_e dlffu3|o_n_equat|on, as in the orlglrm_model z_ind '_[he Oakeschotf2] by stressing the effect of textural properties.
diffusion coefficient equal® =l/8. This simple diffusive "5 “it contrasts with the previous hyperbolic models,
gehar\]' 'Orbwaslg)(p,\?”tmizti”y rt(;cogmzed by I]?a S_|I\{{a anl hich considered the force path deflection as an intrinsic
ajchen acli16] ote that in the presence of an INtemal gera ot of the granular matter, independently of structural
fabric, th(=T texture anisotropy alters the diffusion Coeﬁ'c'emproperties. Finally, the predictions of our model fully agree
because it modifies both the mean steps alongxtaed z with both numerical and experimental evidence provided by

directions. In the limitA<1, the convection “velocity” : : ;
S o ifferent procedures of pile construction and previously re-
dx/dzis given by (24/3)sin 24,. As a consequence, the ef'>})orted inFI)iterature. P P y

fect of the fabric characterizing a conical pile prepared b

pouring from a point source is to deflect the weight transmis- ACKNOWLEDGMENT
sion towards the outer edgésig. 3). Note that the angle of CKNO G
deflection = arctaf(2A/3) sin 240, (relative to the vertical We acknowledge A. Levelut for a critical reading of the

direction is smaller than the angle of repose of the freepaper.
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